Starting out with an entropy identity, we establish the entropy ux, the entropy production, and the corresponding Gibbs and Gibbs-Duhem equations of general-covariant continuum thermodynamics. Nondissipative materials and equilibria are investigated. We prove that equilibrium conditions only put on material properties cannot generate equilibria, rather the Killing property of the 4-temperature is a necessary condition for space-times in which equilibria are possible.
Introduction
The special-relativistic version of Continuum Thermodynamics (CT) was founded by Eckart [1] in form of the special-relativistic theory of irreversible processes. CT is based (i) on the conservation laws for the particle number and the energy-momentum tensor, and (ii) on the dissipation inequality and the Gibbs fundamental law. In order to incorporate CT in (or, at least, to harmonize it with) General Relativity, as a rst step, one has to formulate it on a curved space-time, i.e., to pass on to its general-covariant formulation. This step brings problems along that one has to solve before taking Einstein's gravitational eld equations into consideration. This paper is devoted to some of these problems. In particular, it concerns questions as to the entropy production, the Gibbs equation, and the de nition of thermodynamic equilibrium.
As to thermodynamic equilibrium, vanishing entropy production is a necessary condition to be satis ed. As is well known [2, 3] , this can be reached by two di erent requirements: Either by assuming that the considered matter is a perfect uid (then one need not impose any conditions on the properties of the underlying space-time structure) or by requiring space-time structures that allow for a Killing and a conform Killing vector eld, respectively (then one need not restrict the structure of the material).
To de ne thermodynamic equilibrium, in both cases, the condition of vanishing entropy production has to be supplemented by further equilibrium conditions. It should be mentioned that for the second case it was shown in [3] that, if the temperature 4-vector is a Killing vector, shear and expansion of the material vanish, and furthermore, that by implying Einstein's gravitational eld equations, one can deduce most of the other supplementary conditions de ning an equilibrium. In the present paper, the Killing equation and Einstein's equations are not exploited.
In the following, rst we start out with an identity for the entropy 4-vector [4, 5] . This identity is split into the entropy production, the entropy ux, and the Gibbs equation. The latter is connected with the entropy density by a Gibbs-Duhem equation. As usual, the Gibbs equation allows the de nition of a state space which is here one of local equilibrium because of the special choice of the entropy identity.
Di erent forms of the entropy production are considered for discussing non-dissipative materials and equilibria. Non-dissipative materials characterized by material-independent vanishing of entropy production are rediscovered as perfect uids [2] . For de ning equilibrium, beyond vanishing entropy production, additionally "supplementary equilibrium conditions" are required [5] and are introduced ad hoc. A general result is that, in equilibrium, the Killing property of the 4-temperature is valid for all materials.
Energy-momentum tensor
The energy-momentum tensor Θ is the governing eld of GCCT (general-covariant continuum thermodynamics). Its (3 + 1)-split is
with its components
Here, the projector perpendicular to the 4-velocities and is
The meaning of the (3 + 1)-components is as follows: energy density , energy ux density , stress tensor , pressure and viscosity tensor .
Entropy identity . The general case
Beside the particle number balance, which according to Eckart [1] reads (we consider especially onecomponent systems)
and the energy-momentum balance equation
a continuum theory needs an entropy balance
(particle ux density , entropy 4-vector , entropy production , entropy supply ). The Second Law of Thermodynamics is taken into account by the demand that the entropy production has to be non-negative ( ≥ 0) at each event for arbitrary materials.
Proposition 1 ([4, 5]).
There exists an entropy identity
This identity contains quantities which stem from the (3 + 1)-splits of the energy-momentum tensor (1) 1 , of the entropy (7) 2 , of the particle number ux density (5) 2 and from the (3 + 1)-split of the spin tensor
The scalar is de ned by
The two elds and Λ in (8) can be chosen arbitrarily: (8) is an identity, that means, it is valid for arbitrary and Λ . According to (8) and (10), the part of Λ which is parallel to does not contribute. The physical meaning of these two elds is determined by introducing below the general-relativistic Gibbs equation and the entropy ux which bring physics into the identity (8).
. Entropy identity of local equilibrium
According to (7) 1 , we obtain the sum of entropy supply and production by calculating the divergence of (8) . First of all, the question arises how to distinguish between entropy production and entropy supply. In nonrelativistic theories and here in thermodynamics on curved spaces (without taking Einstein's equations into account), this answer is easy to give: external forces and moments generate an entropy supply [5] . According to (6) , here no external forces and moments are taken into account. Consequently, we have to cancel the entropy supply in (7) 
Because the energy-momentum tensor Θ is spin-dependent and the spin appears explicitly in (8) by the terms which are multiplied by Λ , the spin occurs twice in the entropy 4-vector. This two-fold appearance of the spin can be specialized by the simplifying setting Λ ≐ 0 in the entropy identity (8) . As we will see below, this setting generates a state space which belongs to local equilibrium. More general, state spaces need a Λ which is di erent from zero. The entropy identity (8) becomes in this special case
According to (7) 1 and (11), the entropy identity (12) results in another identity by di erentiation:
If the entropy ux density and the entropy density are speci ed in (13) and, additionally, the arbitrary eld is suitably chosen, then this identity receives a physical meaning. Using (7) 2 and (6) 1 , identity (13) results in
Multiplying (1) by ,
and taking (2) into account, the fth term of (14) becomes
Further, by use of (4) and (5) 4 we have
Finally, according to (16), (17) and (5) 1 identity (14) results in
Entropy production and gr-Gibbs equation
As already mentioned, the identity (18) has to be transferred into the expression for the entropy production by specifying the entropy ux and the entropy density . Obviously, (18) contains terms of di erent kinds: a divergence, time derivatives, and two other terms. This fact gives rise to the following de nitions of the entropy ux and the gr-Gibbs equation which generate the entropy production:
The second term of (21) is
Consequently, the entropy production (21) takes another shape:
For the sequel, we need another expression containing the (3 + 1)-components of Θ which do not appear in (23):
Summing up (23) and (24) results in another expression of the entropy production:
We obtain a fourth form of the entropy production, if we decompose as usual [8] the velocity gradient into its kinematical invariants: symmetric traceless shear , expansion Θ, anti-symmetric rotation , and acceleratioṅ :
Consequently, using (2) 2 and (26), the second term of (21) becomes
and the entropy production (21) results in
The question now arises, if the Pfa an (20) 
and generating its di erential̇
we demand as in thermostatics that the Gibbs-Duhem equation
is valid for the intensive variables. We obtain from (32) and (33)
This equation results in the gr-Gibbs equation (20) by use of (31):
i.e., the entropy density (31) and the gr-Gibbs equation (20) are compatible with each other, if the GibbsDuhem equation (33) is introduced. According to the gr-Gibbs equation (35), the state space is spanned by the energy per particle and the volume per particle:
This state space belongs to an one-component system in local equilibrium [6] . This is the reason why the identity (12) generated from (8) by setting Λ ≐ 0 was called the "entropy identity of local equilibrium". The constitutive quantities M = ( / , , , , , Ξ , Ξ )
are functions of the state space variables
which are called the constitutive equations. (A reference for using the constitutive equations in connection with the gravitational eld equations is [7] .) Special cases of space-times and materials are considered in the sequel.
Non-dissipative materials
A non-dissipative material is characterized by vanishing entropy production even in the case of non-equilibrium for all space-times. (Vanishing entropy production is necessary but not su cient for equilibrium.) Consequently, by de nition, all processes in non-dissipative materials are reversible, and therefore these materials are those of thermostatics. According to (21) and (23), the following material parameters are identical to zero for non-dissipative materials:
According to (1) and (2), the energy-momentum tensor is that of a perfect uid:
Consequently, we rediscover the following proposition given in [2] .
Proposition 2. Non-dissipative materials are characterized by vanishing entropy production for arbitrary space-times, resulting in the material conditions (39): non-dissipative materials are perfect uids.
The vanishing entropy production does not generate equilibria for non-dissipative materials according to (24) which represents an "equation of motion" of reversible processes. Another fact results from (25): vanishing entropy production is necessary for equilibrium but not su cient for it, that means, beyond the vanishing entropy production we need additional equilibrium conditions which are considered in the next section.
Equilibrium
We start out with the question: How are equilibrium and non-dissipative materials related to each other? Concerning non-dissipative materials, we are looking for material properties generating vanishing entropy production for arbitrary space-times independently of possible equilibria. Concerning equilibria, we ask for those conditions which have to be satis ed by the space-time and by the actual material properties in equilibrium. Hereby, equilibrium is de ned by equilibrium conditions which are divided into necessary and supplementary ones [5] which are independent of each other. The necessary conditions are given by vanishing entropy production and vanishing entropy ux density:
Independently, the supplementary equilibrium conditions are given by vanishing material time derivatives, except for that of the 4-velocity: ⊞
From (17) 3 and (42) it follows that the divergence of the 4-velocity vanishes in equilibrium for all materials:
; eq = 0.
According to (19), the necessary equilibrium condition (41) 2 which stems from the entropy ux density becomes
The equilibrium condition (44) must not taken for (39) 1 which represents an invariable material property (the heat conduction coe cients are zero), whereas (44) is only an actual one, valid in equilibrium for all materials. In non-equilibrium we have ̸ = 0 which is not true for non-dissipative materials. The equilibrium conditions (41) to (44) are valid for all equilibria and all materials.
We now investigate equilibrium in more detail. From (21), (41) 1 , and (44), we have eq ; eq = 0 → eq ( ; )
Including (30), we deduce eq eq = 0 → eq = 0 ∨ eq = 0.
Equation (23) = 0 ∨ eq = 0.
According to (41) 1 , (42), and (43), we obtain a su cient and necessary equilibrium condition from (25) for arbitrary materials:
Because the energy-momentum tensor Θ does not contain the temperature, we obtain the Killing condition for the 4-temperature as a general equilibrium condition:
An interesting result is: Material properties subjected to equilibrium conditions cannot generate equilibria. Additionally, the Killing property (49) necessarily characterizes the space-times which allows equilibria. Finally, a remark on an expression which can be found in [2, 8] 
Here, = 0 is not su cient for equilibrium, becausė and ; can be di erent from zero in (24) and (25). If equilibrium is presupposed (i.e.,̇ and ; are zero in (24) and (25)), the material behaves as a perfect uid independently of the space-time, or if not, the space-time has to obey (49) (or the 4-temperature has to be a conform-Killing vector [3] ). This is in accordance with the statement: = 0 is necessary but not su cient for equilibrium.
Discussion
Usually, relativistic thermodynamics starts out with a symmetric and divergence-free energy-momentum tensor and an ansatz for the entropy 4-vector [8] whose divergence allows to nd out the entropy production. The shortcoming of such a procedure is that the initial ansatz contains no hint at determining also the entropy ux tting to that chosen entropy production. That is here the reason for starting out with an always valid entropy identity [4, 5] which allows to be split into three parts (entropy ux, entropy production, Gibbs equation) which t together. Here, a restricted entropy identity is taken up, because only systems in local equilibrium are investigated. Di erent forms of the entropy production are obtained, emphasizing energy transport and viscosity or shear, or showing o the temperature 4-vector. A Gibbs equation for entropy per particle number can be de ned unambiguously. The integrability of this Gibbs equation is con rmed by a Gibbs-Duhem equality.
Non-dissipative materials are de ned by vanishing entropy production independently of the actual space-time: perfect uids are rediscovered as the only non-dissipative material [2] . Although the entropy production is identical to zero for all perfect uids, there exist non-equilibria for them: the reversible processes. This results in the fact that vanishing entropy production is only necessary but not su cient for equilibrium.
Consequently, supplementary equilibrium conditions beyond the vanishing entropy production are required for equilibrium: that are vanishing entropy ux and vanishing time-space derivatives of the thermodynamic quantities. This results in the well-known fact that the 4-temperature is a Killing vector in equilibrium for all materials.
Although not all results of this paper are really new, the method of deriving them is strict and does not depend on an ansatz of the entropy 4-vector. Beyond that, the used procedure can be easily extended to spin systems out of local equilibrium and to systems in General Relativity taking Einstein's eld equations into account.
